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Abstract. Previously the author has proved that a crepant resolution n : 
Y — > X of a Ricci-fiat Kahler cone X admits a complete Ricci-flat Kahler 
metric asymptotic to the cone metric in every Kahler class in H^{Y, R). These 
manifolds can be considered to be generalizations of the Ricci-flat ALE Kahler 
spaces known by the work of P. Kronheimer, D. Joyce and others. 

This article considers further the problem of constructing examples. We 
show that every 3-dimensional Gorenstein toric Kahler cone admits a crepant 
resolution for which the above theorem applies. This gives infinitely many 
examples of asymptotically conical Ricci-flat manifolds. Then other examples 
are given of which are crepant resolutions hypersurface singularities which are 
known to admit Ricci-flat Kahler cone metrics by the work of C. Boyer, K. 
Galicki, J. KoUar, and others. We concentrate on 3-dimensional examples. 
Two families of hypersurface examples are given which are distinguished by 
the condition 63 (Y) = or 63 (Y) 7^ 0. 



Recall that a Sasaki-Einstein manifold is a Riemannian manifold [S, g) whose 
metric cone {C{S),g), C{S) = K>o x S and g = dr"^ -\- r'^g, is Ricci-flat Kahler. It 
follows that {S,g) is positive scalar curvature Einstein. Besides the case S = S*^"^^ 
and C{S) — C" the Kahler cone C{S) has a singularity at the apex. In [60] 
the author investigated the existence of a Ricci-flat Kahler metric on a resolution 
TT : Y ^ X, where X = C{S) U {0} is a Ricci-flat Kahler cone. The resolution will 
necessarily be a crepant, and one requires that the metric on Y be asymptotic to 
the original Ricci-flat Kahler cone metric on X. The following theorem was proved. 

Theorem 1.1 ([6OJ). Let t: : Y X be a crepant resolution of the isolated singu- 
larity of X — C{S), where C{S) admits a Ricci-flat Kahler cone metric. Then Y 
admits a Ricci-flat Kahler metric g in each Kahler class in (Y, M) C {Y, M) 
which is asymptotic to the Kahler cone metric g on X as follows. There is an R > 
such that, for any S > and k > 0, 



where V is the covariant derivative of g. 

We also considered the toric case. In this case X = C{S) is a Gorenstein toric 
Kahler cone which admits a toric Ricci-flat Kahler cone metric by the results of . 
In this case a crepant resolution tt : F — *■ X is toric, and Y is described explicitly 
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on {y e C{S) : r(y) > i?}. 
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by a nonsingular simplicial fan A refining the convex polyhedral cone A defining 
X. To ensure that there is a Kahler class in H^{Y,M.) we require that A defining 
TT : Y X admits a compact strictly convex support function. This is a strictly 
convex support function on A satisfying the additional condition that it vanishes 
on the rays defining A. We prove the following. 

Corollary 1.2 ( [60| ) ■ Let n : Y —i- X be a crepant resolution of a Gorenstein toric 
Kdhler cone X with an isolated singularity. Suppose the fan A defining Y admits a 
compact strictly convex support function. Then Y admits a Ricci-flat Kdhler metric 
g which is asymptotic to {C{S),g) as in (QP. Furthermore, g is invariant under the 
compact n-torus T". 

This article further considers the toric case, and we find more examples using 
Corollarv ll.2l Already in [SD] many examples of crepant resolutions of Gorenstein 
toric Kahler cones which satisfy Corollary If .21 are given. But for n ~ 3 a, much 
more exhaustive existence result can be given. This is fortuitous as one source of 
interest in these asymptotically conical Calabi-Yau manifolds is in the AdS/CFT 
correspondence (cf. [111132]) and the n = 3 case is of primary importance. 

We show that for n = 3 any Gorenstein toric Kahler cone X admits a crepant 
resolution tt : Y ^ X such that the fan A defining Y admits a compact strictly con- 
vex support function provided X is not a terminal singularity. The only Gorenstein 
toric Kahler cone for n = 3 with a terminal singularity is the quadric hypersurface 
X = {zq + + z| + z| = 0} C C^. Therefore we get the following. 

Theorem 1.3. Let X be a three dimensional Gorenstein toric Kdhler cone with an 
isolated singularity which is not the quadric hypersurface, as a variety. Then there 
is a crepant resolution n : Y X such that Y admits a Ricci-flat Kdhler metric g 
which is asymptotic to {C{S),g) as in (Qp. Furthermore, g is invariant under the 
compact torus T^ . 

The proof is simple application of generalized toric blow-ups of X at points and 
along curves. A similar argument shows that in dimensions n > 4 a Gorenstein 
toric Kahler cone X admits a crepant partial resolution it : Y ^ X such that 
Y has only orbifold singularities and which satisfies CoroUarv 11.21 Note that the 
quadric hypersurface admits a small resolution tt : y — > X with exceptional set 
7r~^(o) = CP^. And Y admits a Ricci-flat Kahler metric which is asymptotic to 
the cone over the homogeneous Sasaki-Einstein structure on x . But the 
convergence in ^ is replaced by 0{r~^~'') (cf. [H]). 

Before we prove Theorem 11.31 we cover the toric geometry that is needed to 
describe toric Kahler cones and their resolutions. We also give some results on 
resolutions of quotient singularities which will be used later. 

Examples of Gorenstein toric Kahler cones, equivalently toric Sasaki-Einstein 
5-manifolds, are known in abundance (cf. [58l|60] and [19]). Note that if the Sasaki 
link S C X is simply connected, then in the toric case £[2(8, Z) = Z'' and Smale's 

diff 

classification of 5-manifolds implies that S" = ^k{S'^xS^). Thus using Theorem ll.3l 
and the examples of [58] EQ] and [T^] we produce Ricci-flat asymptotically conical 
Kahler manifolds Y asymptotic to cones over ^k{S'^ x S^). And in fact, this 
produces infinitely many examples for each fc > 1. 

We also consider examples given by resolutions of hypersurface singularities. 
There has been much research recently in constructing examples of Sasaki-Einstein 
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manifolds, and many of the constructions involve quasi-homogeneous hypersur- 
face singularities. The link S d X of the singularity admits a Sasaki structure 
and techniques have been developed to prove it admits a Sasaki-Einstein struc- 
ture (cf. |l2l Uni [9j ) . These Sasaki-Einstein manifolds provide many examples of 
Ricci-flat Kahler cones for which we can try to find a crepant resolution and apply 
Theorem ll.il Again we concentrate on the n = 3 case. In this case much is known 
on the existence of crepant resolutions of these singularities. We review much of 
this in Section [31 We also give some useful results on the algebraic geometry and 
topology of crepant resolutions n : Y —^ X when they exist. We then give some 
families of examples. The first group are hypersurface singularities for which the 
terminalization procedure of M. Reid, first described in |51j . can be carried out 
without much difficulty. These examples have b^iY) ^ in contrast with the toric 
case. And many of the Sasaki links S G Y are rational homology spheres. Some 
properties of the links S and the resolved spaces Y are listed in Figure 

We then consider a family of examples which are also resolutions of quasi- 
homogeneous hypersurfaces. In this case they are resolved to orbifolds and then 
the quotient singularities are resolved. This uses the fact that every Gorenstein 
quotient singularity in dimension three admits a crepant resolution. The links of 
the hypersurfaces in most of these examples were proved to admit Sasaki-Einstein 
metrics in [21] and [T^IIII]. These examples all have 63 (i^) = 0. The topological 
types of the links S C Y and properties of the resolution Y are listed in Figure [6731 

2. Kahler cones and Sasaki manifolds 

2.1. Introduction. We review some of the properties of Sasaki manifolds. We are 
primarily interested in Kahler cones, and in particular Ricci-flat Kahler cones. But 
a Kahler cone is a cone over a Sasaki manifold and is Ricci-flat precisely when the 
Sasaki manifold is Einstein. And there has been much research recently on Sasaki- 
Einstein manifolds (cf. [7l[9l[24]). See [9] for more details on Sasaki manifolds. 

Definition 2.1. A Riemannian manifold {S,g) of dimension 2n — 1 is Sasaki if 
the metric cone {C{S),g), C{S) = ]R>o x S and g = dr"^ -\- r^g, is Kahler. 

Set ^ = then f — is a holomorphic vector field on C{S). The restric- 

tion ^ of ^ to 5 = {r = 1} C C{S) is the Reeb vector field of S, which is a Kilhng 
vector field. If the orbits of ^ close, then it defines a locally free t/(l)-action on S. 
If the U (l)-action is free, then the Sasaki structure is said to be regular. If there are 
non-trivial stabilizers then the Sasaki structure is quasi-regular. If the orbits do not 
close the Sasaki structure is irregular. The closure of the subgroup of the isometry 
group generated by ^ is a torus T^. We define the rank of the Sasaki manifold to 
be rank(S') := k. 

Let rj be the dual 1-form to ^ with respect to g. Then 

(2) ^= (2d^logr)|,=i, 

where d'^ = ^{d — d). Let D = ker?;. Then drj in non-degenerate on D and 77 is a 
contact form on S. Furthermore, we have 

(3) dr]{X, Y) = 2g{<PX, Y), for X,Y e D^, xe S, 

where $ defined by <^>{V) = JV for V G D^, and = 0. Thus (D, J) is a 

strictly pseudo-convex CR structure on S. We will denote a Sasaki structure on S 
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by (ff,<^,?7, It follows from ^ that the Kiihler form of {C{S),g) is 

(4) - ^d{rS) = \dd^r\ 

Thus ir^ is a Kahler potential for oj. 

There is a 1-dimensional foliation generated by the Reeb vector field ^. Since 
the leaf space is identical with that generated by ^ — i on C(S'), has a natural 
transverse holomorphic structure. And uj^ — ^drj defines a Kahler form on the 
leaf space. We will denote the transverse Kahler metric by g'^ . Note that when 
the Sasaki structure on S is regular (resp. quasi- regular), the leaf space of is a 
Kahler manifold (resp. orbifold). 

A p-form a € flP(S) on S is said to be basic if 

(5) ^ja = and — 

The basic p-forms are denoted by ^l^g{S), where the foliation on S must be 
fixed. One easily checks that fig is closed under the exterior derivative. So we have 
the basic de Rham complex 

(6) o^n%^n]^^ > 0, 

and the basic cohomology Hg{S). 

The foliation associated to a Sasaki structure has a transverse holomorphic 
structure, so there is a splitting fi^ = 0^^^^^^, f^^* of complex forms into types. 
And the exterior derivative on basic forms splits into d — d + d, where d has degree 
(1,0) and d has degree (0,1). Thus we have as well the basic Dolbeault complex 

(7) o^npf ^np/ ^ > o, 

and the basic Dolbeault cohomology groups Hg'^{S). 

Furthermore, the foliation has a transverse Kahler structure, and the usual 
Hodge theory for Kahler manifolds carries over. In particular, we have the Hodge 
decomposition H'^{S, C) — 0^^^^^, Hg'^{S) and the representation of basic coho- 
mology classes by harmonic forms. It is also useful to know that the 99-lemma 
holds for basic forms as it does on Kahler manifolds. Thus if e fl^g^ is exact, 
then there is a basic / G with (j) = iddf and / can be taken to be real if is. 
See the monograph [9| for a survey of these results. 

We will consider deformations of the transverse Kahler structure. Let </> G C^(S') 
be a smooth basic function. Then set 

(8) fj = r, + 2d's^. 
Then 

dfj = drj + 2dBdg(f) = drj + 2i9s3s0. 

For sufficiently small (/>, 77 is a non-degenerate contact form in that fjfxdff^ is nowhere 
zero. Then we have a new Sasaki structure on S with the same Reeb vector field ^, 
transverse holomorphic structure on J^^, and holomorphic structure on C{S). This 
Sasaki structure has transverse Kahler form = u;^ + idBdB(f>- One can show [53] 
that if 

f — r exp (/), 
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then Cj = ^d(Pf'^ is the Kahler form on C{S) associated to the transversally de- 
formed Sasaki structure. 

Example 2.2 Let Z he a complex manifold (or orbifold) with a negative holomor- 
phic line bundle (respectively V-bundle) L. If the total space of L^, L minus the 
zero section, is smooth, then the t/(l)-subbundle S" C has a natural regular 
(respectively quasi-regular) Sasaki structure. Let h be an Hermitian metric on L 
with negative curvature. If in local holomorphic coordinates we define = 
where z is the fiber coordinate, then oj = ^dd'^r^ is the Kahler form on of a 
Kahler cone metric. And 5 = {z e : r{z) — 1} has the induce Sasaki structure. 

Conversely, it can be shown that every regular (respectively quasi-regular) Sasaki 
structure arises from this construction (cf. j6j). <) 



Example 2.3 This example will construct, up to automorphism, all the Sasaki 
structures on the sphere S'^i+i with the standard CR-structure, i.e. the CR- 
structure induced by the usual embedding 5'2"+i ^ C"+^. We denote by Zj — 
Xj+iyj,j — 0, . . . ,n, the coordinates on C""*"-^ = The standard CR-structure 

{D,J) is given by the kernel of 77 = "^j^QXjdyj — yjdxj, with J induced by the 
embedding S^''+^ C Let A = (Aq, . . . , A„) S (E+)"+i. Then we have the 

action induced by by the diagonal matrix A with vector field Xx and JXx = xix 
given by 

n 

(9) ^> = 51 '^^J ~ ) ■ 

Then as in [T3] there is a unique Sasaki structure (5, Ca, ?7Aj *&), denoted by 5*^"^^, 
with Reeb vector field and with the CR-structure {J,D). The contact form rjx 
is 



(10) Vx 



YTj=(i{xjdyj-yjdxj) 

.2 I „2\ 



E;LoA,(x^-fy|) • 

The Kahler cone C(5^"+^) can be identified biholomorphically with C"+i \ {0}. 
This can be seen using the action of the Euler vector field ~J£,x- 

Conversely, a Sasaki structure on ^^n-Hi ^j^j^ ^j^g standard CR-structure is given 
by a vector field ^ on 5'^""'"^ transversal to D and inducing an automorphism of 
{D, J). The group of CR-automorphism of {D, J) is known to be SU{n + l, 1). The 
action of S'f/(n -I- 1, 1) extends to the baU B C C"+i bounded by S'2"+i. Identify 
B with the positive cone 

{veV : {v,v) > 0}, 

where (•, •) is the Hermitian form on V = C"+^ with signature (n + 1,1). Then 
clearly SU{n -I- 1, 1) acts transitively on the interior of i? C P{V). The vector field 
^ must be induced by an element of su{n + 1, 1), which we denote by ^ again. The 
flow generated by ^ on B must have a fixed point x G Int(i3). By conjugating by 
an element g G SU{n + 1, 1) we may assume that ^ vanishes at G C"+^. Then 
^ G u{n + l). And by conjugating by an element of f7(n-|- 1) C SU{n+l, 1) we may 
assume that ^ is represented by a diagonal matrix with eigenvalues aj, j — 0, . . . ,n. 
Since ^ is transversal to Z), the real numbers Xj = — \/— la-,- are positive; and we 
may assume < Aq < • • • < A,i. This is clearly the Sasaki structure on S^"^^ 
constructed above. (} 
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Proposition 2.4. Let {S,g) be a 2n — 1- dimensional Sasaki manifold. Then the 
following are equivalent. 

(i) {S,g) is Sasaki-Einstein with the Einstein constant being necessarily 2n ~2. 

(ii) {C{S),g) is a Ricci-fiat Kdhler. 

(Hi) The Kdhler structure on the leaf space of is Kdhler- Einstein with Einstein 
constant 2n. 

This follows from elementary computations. In particular, the equivalence of (i) 
and (iii) follows from 

(11) RiCg{X,Y) = {Ric^-2g^)iX,Y), 

where X,Y E D are lifts of X, Y in the local leaf space. 

Given a Sasaki structure we can perform a D-homothetic transformation to get 
a new Sasaki structure. For a > set 

(12) r7' = ary, ^ = 

a 

(13) g' — ag^ + a^rj r] = ag -\- (a^ — a)r] (g) ry. 

Then ((7',^',?/,$) is a Sasaki structure with the same holomorphic structure on 
C{S), and with r' ^r". 

Proposition 2.5. The following necessary conditions for S to admit a deformation 
of the transverse Kdhler structure to a Sasaki- Einstein metric are equivalent. 

(i) cf = a[dri] for some positive constant a. 

(ii) cf > 0, i.e. represented by a positive (1, \)-form, and Ci{D) — 0. 

(iii) For some positive integer i > 0, the £-th power of the canonical line bundle 
^C(S) o,dmits a nowhere vanishing section 57 with C^ft = inft. 

Proof. Let p denote the Ricci form of (C(5), g), then easy computation shows that 

(14) p = - 2n^dri. 



If (i) is satisfied, there is a D-homothety so that [p'^] = 2n[^dri] as basic classes. 
Thus there exists a smooth function h with = ~ r-^h and 

(15) p = iddh. 



This implies that e.^^, where u) is the Kahler form of g, defines a flat metric 
I • I on Kp^g-). Parallel translation defines a multi- valued section which defines a 
holomorphic section Vl of K^^^^ for some integer £ > with = 1. Then we have 



(16) (-l)^f7Af7 = e''lc.". 

From the invariance of h and the fact that lo is homogeneous of degree 2, we see 
that 8 Q. = uD.. 

The equivalence of (i) and (ii) is easy (cf. [24] Proposition 4.3). □ 
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2.2. Toric geometry. In this section we recall the basics of toric Sasaki manifolds. 
Much of what follows can be found in [43] or [24] . 

Definition 2.6. A Sasaki manifold {S,g) of dimension 2n—l is toric if there is an 
effective action of an n-dimensional torus T — T" preserving the Sasaki structure 
such that the Reeh vector field ^ is an element of the Lie algebra t of T . 

Equivalently, a toric Sasaki manifold is a Sasaki manifold S whose Kdhler cone 
C{S) is a toric Kdhler manifold. 

We have an effective holomorphic action of Tc = (C*)" on C{S) whose restriction 
to T C Tc preserves the Kahler form lo — d{^r'^ri). So there is a moment map 

/i : C{S) — > t* 
^^^^ {t^ix),X)^K^r^iXs{x)), 

where Xs denotes the vector field on C{S) induced by X e t. We have the moment 
cone defined by 

(18) c{^,)■.^^i{CiS))(J{o}, 

which from [39j is a strictly convex rational polyhedral cone. Recall that this means 
that there are vectors Ui,i — 1, . . . , d in the integral lattice = ker{exp(27ri-) : 
t T] such that 

d 

(19) C{^,)={^{yeC ■.{u,,y)>Q}. 

The condition that C{^) is strictly convex means that it is not contained in any 
linear subspace of t*, and it is cone over a finite polytope. We assume that the set 
of vectors {wj} is minimal in that removing one changes the set defined by p9p . 
And we furthermore assume that the vectors Uj are primitive, meaning that Uj 
cannot be written as puj for p £ Z,p > 1, and Uj G Zy. 

Let IntC(yLt) denote the interior of C{^). Then the action of T on /i^^(IntC(/i)) 
is free and is a Lagrangian torus fibration over Int C(yLt). There is a condition on 
the {uj} for 5 to be a smooth manifold. Each face T C C(/z) is the intersection 
of a number of facets {j/ G t* : lj{y) = {uj,y) = 0}. Let Uj^, . . . ,Uj^ be the 
corresponding collection of normal vectors in {uj}, where a is the codimension of 
T . Then S is smooth, and the cone C(/i) is said to be non- singular if and only if 

(20) VkUj, : vu e m| n Zt = VkU,^ : vu G z| 
for all faces T . 

Note that ^(5) = {y G C(/i) : y[i) = \}. The hyperplane {y G t* : y{i) = \} 
is the characteristic hyperplane of the Sasaki structure. Consider the dual cone to 
C(m) 

(21) C(At)* = {i G t : (5 , y) > for aU y G C(^)}, 

which is also a strictly convex rational polyhedral cone by Farkas' theorem. Then 
^ is in the interior of C(/i)*. Let z = 1, . . . , n be a basis of t in Z^. Then we 
have the identification t* ^ t ^ M" and write 
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If we set 

d 

(22) = ) ,« = l,...,n, 

0(j)i 

then we have symplectic coordinates (y, 0) on /i~^(IntC(/i)) = IntC(/i) x T". In 
these coordinates the symplectic form is 

n 

(23) uJ = ^dy,^d(|)i. 

i=l 

The Kahler metric can be seen as in [5] to be of the form 

(24) 9 = Y^ Gijdy^dyj + G'^d(P,d<Pj, 

where G*^ is the inverse matrix to Gij{y), and the complex structure is 



(25) I = 



r G'i\ 

[g., J 



in the coordinates (y, </>). The integrability of X is G.y_fc = Gikj. Thus 
(26) Gy = G,„ — — , 

for some strictly convex function G{y) on lntC{fi). We call G the symplectic po- 
tential of the Kahler metric. 

One can construct a canonical Kahler structure on the cone X = C{S), with a 
fixed holomorphic structure, via a simple Kahler reduction of (cf. [28] and [16] 
for the singular case). The symplectic potential of the canonical Kahler metric is 



(27) G-" = i^/,(y)logZ,;(2/). 

Let 



i=l 



where 



G{ = \k(y) log'? - ^loo{y)logloo{y), 



kiy) = i^'V)' and /oo(y) = ^(u,;,y). 



Then 

(28) G^"" = G™" + G4, 

defines a symplectic potential of a Kahler metric on G{S) with induced Reeb vector 
field To see this write 

and note that the Euler vector field is 
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Thus from (l25l) we have 



(31) e = E2G'..yj- 



Computing from (j28|) gives 



(32) (g: 



'Can \ 

s ) 



1 , i Et=iKELi< 

2(^Jk{y) 2l^{y) 2 l^{y) 



which gives an exphcit formula for the complex structure X in (|25p and the metric 
g in dH. 

The general symplectic potential is of the form 
(33) G = G"™ + Ge + .g, 

where g is a smooth homogeneous degree one function on C such that G is strictly 
convex. The following follows easily from this discussion. 

Proposition 2.7. Let S be a compact toric Sasaki manifold and C{S) its Kdhler 
cone. For any ^ g IntC(^)* there exists a toric Kdhler cone metric, and associated 
Sasaki structure on S , with Reeb vector field ^. And any other such structure is a 
transverse Kdhler deformation, i.e. ij ~ rj + 2d'^(p, for a basic function (j). 

Consider now the holomorphic picture of C{S). Note that the complex structure 
on X = C{S) is determined up to biholomorphism by the associated moment 
polyhedral cone C(/z) (cf. [2] Proposition A.l). And the construction of X — C{S) 
as in [281I16] shows that X = C{S) is a toric variety with open dense orbit (C*)" = 
^-^(IntC) C C{S). 

Recall that a toric variety is characterized by a fan (cf. [48]). We give some 
definitions. 

Definition 2.8. A subset a of i = M" is a strongly convex rational polyhedral 
cone, if there exists a finite number of elements Ui, M2, . . . , in = such that 

o — {a\U\ + • • • + a<;Us : o-i G ]R>o for z = 1, . . . , s}, 

and a n (— cr) = {o}. 

Definition 2.9. A fan in Ijj- = Z" is a nonempty collection A of strongly convex 
rational polyhedral cones in t = M" satisfying the following: 

(i) Every face of any cr € A is contained in A. 

(ii) For any a, a' € A, the intersection cr H cr' is a face of both a and a' . 

We denote the dual cone to cr by cr^ C t*, and define Z^ = Hom(Zj-, Z). If cr is 
a strongly convex rational polyhedral cone, then = Spec(cr^ n Z^) is an affine 
variety. Given a fan A in Zy = Z" the affine varieties Va,a G A glue together to 
form a normal complex algebraic variety X^ with an algebraic action of Tc = (C*)". 
Furthermore, there is an open dense orbit isomorphic to Tc = (C*)". Conversely, 
if a torus (C*)" acts algebraically on a normal algebraic variety X, of locally finite 
type over C, with an open dense orbit isomorphic to (C*)", then there is a fan A 
in Z" with X equivariantly isomorphic to Xa- See [48] for more details. 
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There is a fan in Zt C t associated to every strictly convex rational polyhedral 
set C c t*. Suppose 

d 

(34) C=f]{yee:{u„y)>X,}, 

where Uj £ and E R ioi j — Q, . . . ,d. Each face J- C C is the intersection of 
facets {yet*: Ij^iy) = {uj^,y)-Xj^ = 0}UC for fe = 1, . . . , a, where {ji, . . . , ja} C 
{1, . . . ,d}, and the codimension of !F is a. Then to the face !F we associate a cone 
<7jr in t ^ M" 

(35) fjjr = {clUjj + • • • + CaUj^ : G ]R>o for fc = 1, . . . , a}. 

It is easy to see that the set of all crjr for faces C C define a fan A in Z^- 

Consider the convex polyhedral cone C{fi). From the fan in Z^ associated 
to C(/i) consists of the dual cone (PT|) and all of its faces where 

(36) C{fi)* = {ciMi H h CrfUd : Cfc € R>q for fc = 1, . . . , d}. 

It follows that C{S) is an affine variety as its fan has a single n-dimensional cone. 

We introduce logarithmic coordinates (zi, . . . , z„) — {xi + i(f>i, . . . ,Xn + i4>n) on 
C"/27riZ" ^ (C*)" /i-^IntC) C C(5), i.e. Xj+i(l)j = logw, if Wj, j = 1,.. 
are the usual coordinates on (C*)". The Kahler form can be written as 

(37) UJ = iddF, 

where is a strictly convex function of (a;i, . . . , a;„). One can check that 

(38) F,,{x)^G'={y), 

where ji = y ~ ^ is the moment map. Furthermore, one can show x = and 
the Kahler and symplectic potentials are related by the Legendre transform 

n 

(39) F(a:) =^a:,-j/,-G(2/). 

i=l 

It follows from equation (|22p defining symplectic coordinates that 



(40) F{x) ^l^{y)^-. 



We now consider the conditions in Proposition 12 . 51 more closely in the toric case. 
So suppose the Sasaki structure satisfies Proposition 12.51 thus we may assume 
cf = 2n[u;"^]. Then equation implies that 

(41) p = -i(9aiogdet(i^y) = iddh, 

with ^/i = = ''^^j ^-iid we may assume h is r"-invariant. Since a r"-invariant 
pluriharmonic function is an affine function, we have constants 71, . . . , 7„ e R so 
that 

n 

(42) logdet(Fy ) = -2 ^ J^x, - h. 



i=l 



In symplectic coordinates we have 



(43) det(Gy ) ^ exp(2^7,G, + h). 

i=l 
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Then from ([28|) one computes the right hand side to get 

(44) det(G,,) = n [j^)) (^c(2/))-"exp(/i), 

And from (|32)) we compute the left hand side of ((43l) 

d 

(45) det{G,,) = Y[{Uy))-'f{y), 

fe=i 

where / is a smooth function on C(/i). Thus (7, Uk) = —1, for fc = 1, . . . , d. Since 
C{fi)* is strictly convex, 7 is a uniquely determined element of t*. 

Applying X^JLi af" 63 noting that det(G'ij) is homogeneous of degree 
— n we get 

(46) {1,0 = -n. 

As in Proposition 12.51 detfKj) defines a flat metric || • || on Kc(5). Consider 
the (n, 0)-form 

= e**e^ det(^;j)3d2;i A • • • A dz„. 
From equation (|42|) we have 

n 

n — e'^ exp(— ^jXj)dzi f\ ■ ■ ■ f\ dzn- 
If we set 6* = — X]J=i Ij't'ji then 

(47) = 2:.7=i 7.2. A • • • A dz„ 

is clearly holomorphic on J7 = /i^^(IntC). When 7 is not integral, then we take 
£ £ Z+ such that £7 is a primitive element of Z^- = Z" . Then 17®^ is a holomorphic 
section of K^j-^^l^ which extends to a holomorphic section of K^^^j as = 1. 
It follows from (gTl) that 

(48) C^n = -i{j,^)fl = inn. 

And note that we have equation from (|^^ and P7)) . We collect these results 
in the following proposition. 

Proposition 2.10. Let S be a compact toric Sasaki manifold of dimension 2n — 1. 
Then the conditions of Provosition lK^ are equivalent to the existence of ^ £ i* such 
that 

("i) {'-f,Uk) = -I, for k ^ 1, . . . ,d, 
(ii) (7,^) = —n, and 

(Hi) there exists £ g Z+ such that £"f G Z^ = Z" 

Then |^7p defines a nowhere vanishing section o/K^j.^^. And C{S) is £-Gorenstein 
if and only if a ^ satisfying the above exists. 

We will need the beautiful results of A. Futaki, H. Ono, and G. Wang on the 
existence of Sasaki-Einstein metrics on toric Sasaki manifolds. 

Theorem 2.11 ( |24l I19| ). Suppose S is a toric Sasaki manifold satisfying Propo- 
sition \2.1(A Then we can deform the Sasaki structure by varying the Reeb vector 
field and then performing a transverse Kdhler deformation to a Sasaki-Einstein 
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metric. The Reeh vector field and transverse Kdhler deformation are unique up to 
isomorphism. 

In |24j a more general result is proved. It is proved that a compact toric Sasaki 
manifold satisfying Proposition l2.10l has a transverse Kahler deformation to a Sasaki 
structure satisfying the transverse Kahler Ricci soliton equation: 

for some Hamiltonian holomorphic vector field X. The analogous result for toric 
Fano manifolds was proved in [BTj. A transverse Kahler Ricci soliton becomes a 
transverse Kahler-Einstein metric, i.e. X = 0, if the Futaki invariant f\ of the 
transverse Kahler structure vanishes. The invariant f\ depends only on the Reeb 
vector field ^. The next step is to use a volume minimization argument due to 
Martelli-Sparks-Yau [43] to show there is a unique ^ satisfying ((46|) for which f\ 
vanishes. 

Example 2.12 Let M — CPj-j) be the two-points blow up. And Let S C Km be 
the J7(l)-subbundle of the canonical bundle. Then the standard Sasaki structure 
on S as in Example 12.21 satisfies (i) of Proposition 12. 5[ and it is not difficult to 
show that S is simply connected and is toric. But the automorphism group of 
M is not reductive, thus M does not admit a Kahler-Einstein metric due to Y. 
Matsushima [44]. Thus there is no Sasaki-Einstein structure with the usual Reeb 
vector field. But by Theorem 12.111 there is a Sasaki-Einstein structure with a 
different Reeb vector field. 

The vectors defining the facets of C(/i) are 

Ul = (0,0,1), U2 = (0,1,1),U3 = (1,2,1),U4 = (2,1,1),U5 = (1,0,1). 

The Reeb vector field of the toric Sasaki-Einstein metric on S was calculated in [43] 
to be 

e= (^(-l + V33),A(_i + V33),3). 

One sees that the Sasaki structure is irregular with the closure of the generic orbit 
being a two torus. <C> 



3. Resolutions 

3.1. Embeddings of Kahler cones. In this section we will give a proof of the 
version of Kodaira-Nakano embedding appropriate to Kahler cones and Sasaki man- 
ifolds. There is a version due to W. Baily [4] giving an embedding of a Kahler 
orbifold with a positive line V-bundle into projective space, Z ^ CP". But even 
for a quasi-regular Sasaki manifolds S, this does not give a satisfying embedding. 
The embedding Z ^ CP" does not respect the orbifold structure, so it does not 
lift to an embedding S ^ S*^""*"^. The appropriate embedding theorem for Sasaki 
manifolds is due to L. Ornea and M. Verbitsky [SD]. Their proof follows from a 
more general embedding theorem for Viasman manifolds. We give a proof more 
tailored to our context. 

Theorem 3.1. Let S be a compact Sasaki manifold with H^(S,M.) = 0. There is a 
weighted Sasaki structure on the sphere S'^^^ for some n > and a CR-embedding 
L : S ^ S*^""*"^. The corresponding embedding of Kdhler cones (j> : C{S) U {a} ^ 
C""*"^ is holomorphic onto an affine subvariety o/C"+^. 
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// S is quasi-regular with associated Kdhler orbifold Z , then we may assume that 
the Reeb vector field on S is the restriction of the Reeb vector field on S'^^^ . 
And we have the commutative diagram 



(49) 

Z — ^ CP(w) 

where both rows are embeddings, 1 as complex orbifolds. Furthermore, in this case 
by applying a transversal Kdhler deformation to S'^"'*'^ the embeddings t and I can 
be made to respect Sasaki and Kdhler structures respectively. 

If H^{S, M.) 7^ 0, then the proof stiU gives an holomorphic embedding cj) : C{S) U 
{o} ^ C"+^. But the part of the proof giving a CR-embedding may faiL 

Note that the embedding 1 : Z ^ CP(w) in (j49|) is of independent interest, since 
it gives an orbifold embedding. The singularities of Z are all inherited from those 
of CP(w) as a subvariety. The Baily embedding theorem merely gives an analytic 
embedding. 

It is also interesting that Theorem l3 . 1 1 gives an alternative version of the Kodaira- 
Nakano embedding; although it gives an embedding into a weighted projective 
space. If L is a positive holomorphic bundle on a complex manifold Z, then the 
C/(l)-subbundle of L* has a regular Sasaki structure. Thus gives an embedding 
L : Z ^ CP(w) whose image is disjoint from the orbifold singular set of CP(w). 

Proof. Note that a priori a Kahler cone C{S) does not contain the vertex, but 
X — C{S) U {o} can be made into a complex space in a unique way. The Reeb 
vector field ^ generates a 1-parameter subgroup of the automorphism group Aut(S') 
of the Sasaki manifold S. Since Aut(S') is compact, the closure of this subgroup is 
a torus r*^ C Aut(S') where k — rank(S'). Choose a vector field ( in the integral 
lattice of the Lie algebra t of T*^, ( g Zt C t, and such that 77(C) > on S*. Then 
as in [13] on can show there is a unique Sasaki structure {g, C, fj, $) with the same 
CR-structure and Reeb vector field (. The U (l)-action on S generated by C extends 
to an holomorphic C*-action on C{S). Then the quotient C{S)/C* = S/U{1) is 
a Kahler orbifold Z, and C{S) is the total space, minus the zero section, of an 
orbifold bundle tt : L ^ Z (cf. [6]). The bundle L is negative. And there is an 
Hermitian metric h on L, so that = where z is a local fiber coordinate, is 

the Kahler potential on C{S) for the Sasaki structure {g, (, fj, $). 

Let W be the total space of L. Then is strictly plurisubharmonic away from 
Z C W, and hence Vl^ is a 1-convex space. In other words, W is exhausted by 
strictly pseudo-convex domains {f^ < c} C W for c > 0. Then as in [27j W is 
holomorphically convex, and we have the Remmert reduction of W. That is, there 
exists a Stein space X and an holomorphic map a : W X, which contracts the 
maximal compact analytic set Z G W and is a biholomorphism outside Z . Thus 
X = C{S) U {0} is a normal complex space. And the Riemann extension theorem 
shows ia.Oc(s) = C'x, where i : C{S) — > AT is the inclusion. Thus X is independent 
of the above choices. And if tt : F A is any resolution of o G X, then Y is 
1-convex. 

The torus T*^ C Aut(S'),fc = rank(S'), acts by holomorphic isometrics on A = 
C{S) U {o}. Let {/ C A be a T'^-invariant neighborhood of o G A. We can split 
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/ e 0{U) into its weight space components as follows. Let (ai, . . . ,afc) G Z*^ and 
t= {ti,...,tk) e T''. Define 

(50) /(a,,....a.)W -■^J^j^S'^'^^'^'''^^^'''^'^^- 

We will show that 

(51) /(^)= E 

(ai ,...,afc)eZ'= 

with the series on the right converging uniformly on compact subsets oi U <Z X. 
Let X G f/\{o}, and let B C C™ be a ball mapped holomorphically (3 : B U\{o} 
with /3(0) = a; transversal to the orbit of (C*)''" through x. Then ijj : B x (C*)'^ 
X, -ipizyt) = t ■ j3{z) maps a neighborhood D of {0} x T*^ in _B x (C*)'^ onto a 
neighborhood of a; £ U \ {o}. And pulled back to D ((5T|) is easily seen to be 
a Laurent expansion in k-coordinates which is known to converge uniformly on 
compact subsets. Thus ([51]) converges uniformly on compact subsets of J7 \ {o}, 
and it converges uniformly on compact subsets of U by the maximum modulus 
theorem for analytic varieties i30i III B, Theorem 16]. 

Now let (/i, . . . , fd) : [/ ^ be an embedding of a T'^-invariant neighbor- 
hood o £ U . Here one can take d to be the embedding dimension ranko Q}^ = 
dimcTOo/Wo, where nio is the maximal ideal at o € X. For the definition of the 
sheaf analytic spaces see [U Ch. II]. Then take sufficiently many com- 
ponents {fj)(ai Ofe), j = (ai,...,afe) G Z*^ to be the components of 

T = (tq, . . . ,T„) so that {dT)o : ^^^"+1 o ~* ^Uo surjective. As in the smooth 
case, an holomorphic map t — (tq, . . . , t„) : U C"^^ is an immersion at o G [/ if 
(dr)o : ilc„+i ^ ^u.o i'^ surjective. 

For simplicity, denote the above quasi-regular Sasaki structure by (3,^,77,$). 
The Reeb vector field ^ of this Sasaki structure induces an holomorphic vector field 
— J( — iC, whose action gives a 1-parameter subgroup 7 : C* ^ = (C*)*^ which 
can be characterized by & = (61, . . . , 5^) G Zy. By construction Tj is in the weight 
space with weight a{i) G Z'^, so 7 acts on Tj with weight Wj = {a{j),b). Since 
lini7(t) • X = o for X G X, and Tj{o) = 0, we have Wj > 0. And the weights 

w = (uiQ, . . . ,Wn) G (Z+)"+-^ define a 1-parameter subgroup 7^ : C* — > (C*)"+-^ 
acting on C"+^. Since 7(i), for t sufficiently close to 0, maps any compact subset of 
X into U, each tj extends to X. And a similar argument shows that t : X C"+^ 
is an equivariant embedding. Quotienting by 7 and 7^ gives f in (|49|) . 

An argument similar to the proof of Chow's theorem can be used to prove that 
V = t{X) C C"+^ is an affine variety. Let / G ©£"+1,0 vanish on F in a neighbor- 
hood of G C"+^. Expand / = J^JLi fj into the weight components, each an homo- 
geneous polynomial with respect to 7^. Then for a fixed z, fit ■ z) = fj{^)^^ 
defines an holomorphic function t n- f{t ■ z) on C. If z G V , then this function 
vanishes identically and each fj{z) = 0. In a neighborhood L/ of G C"^^ there 
are /\ ...,/" G Oc^+^o so that V r^U ^ {z : f^{z) = ■ ■ ■ ^ f"'{z) = 0}. Then 
VnU ^ {z : Pj{z) = 0, VI < i < m,j G Z+}. But since Oc"+i,o is Noetherian, 
there are finitely many 7w-homogeneous polynomials /i , . . . , (selected from the 
/]) so that V = {z: /i(z) = • • • = /,(z) = 0}. 

One sees that the the weighted Sasaki structure on S^'^^ restricts to a Sasaki 
structure on S' — V H S"^^^ as the CR-structure on 5^"+^ is compatible with the 
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complex structure on V. And the Kahler cone of S' can be identified with V by 
the action of the Euler vector field — J^w 

We have the holomorphic orbifold embedding f : Z ^ Z' C CP(w) which does 
not necessarily preserve the Kahler structures. As in [50j we will use a result of 
J. -P. Demailly. 

Theorem 3.2 ([10]). Let {A{,uj) be a compact Kahler manifold, and Z C M a 
closed complex submanifold. And let [lu] C H^{M) he the Kahler class ofu. Con- 
sider a Kahler form ujq on Z such that its Kahler class coincides with the restriction 
[i^]\z- Then there exists a Kahler form lu' on M in the same Kahler class as oj, such 
that uj'\z ~ loq. 

The suborbifold Z' C CP(w) has a Kahler structure lo = ^drj inherited from 
the Sasaki structure (5,^,77,$) on S. And CP(w) has the Kahler structure Ww = 
ic??7w inherited from the weighted Sasaki structure on 5"^"+^. Since ^ = on S', 
a = rj.^ — rj is a basic form. Thus Ww = co + ^da. By Theorem 13.21 there is an 
/ e C°°{Z') so that u;'^^uj^ + dd'' f satisfies uj'^\z' = uj- 

The transversally deformed Sasaki structure on S"^^^ has contact form rj'^ = 
77w + d'^f. And 77 - ?7wls' is closed. Since H^{S,R) = there is an /i e (S") 
with dh = 1] — rj!^\s' ■ Extend /i to a smooth basic function h e C^(S'^"+^). Then 
the contact form fj^ = ij^ + d'^f + dh on S'^""'"^ restricts to 77 on 5'. And with the 
transversally deformed Sasaki structure (g, ^w, ?7w, 'i'w) on 5^"^^, the embedding 
T : S ^ S^'^^ preserves Sasaki structures. □ 

3.2. Resolutions. Let lox denote the dualizing sheaf of X. Then we have lox — 
if:{0(K.c{S)))i where i : C{S) ^ X is the inclusion, as the codimension of Sing(Ar) = 
{0} C X is greater than 1. Recall that X is said to be p-Gorenstein if := 
is locally free for p g N, and X is Q-Gorenstein if it is p-Gorenstein for 
some p. We will call X Gorenstein if it is 1-Gorenstein. 

Recall that X has rational singularities if R^n^^Oy = 0, for i > 0, where tt -.Y 
X is a resolution of singularities. If this holds for a resolution, then it holds for 
every resolution. If o G X is an isolated singularity, we have a simple criterion for 
rationality (cf. [15 and [38 ). 

Proposition 3.3. Let be a holomorphic n-form defined, and nowhere vanishing, 
on a deleted neighborhood of £ X. Then o £ X is rational if and only if 



for U a small neighborhood of £ X . 

This implies that Tr^wy- = lox for any resolution n : Y ^ X. This has the 
following meaning. 

Definition 3.4 (|51|,l52j). We say that X has canonical singularities if it is normal 
and 

(i) For some p G N, u)-^ is locally free, 

(ii) TT^tjy^ — Lo^x ' f'^'"' ^""^y "resolution n : Y X. 
Putting (ii) in terms of Weil divisors, we have 



(52) 




(53) 
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where Ei are the 7r-exceptional divisors and a{Ei,X) is the discrepancy. Then (ii) 
is equivalent to a{Ei, X) > for aU Ei. Note that this condition is independent of 
the resolution. In general canonical singularities are rational, but not all rational 
singularities are canonical. 

A resolution tt : Y ^ X is said to be crepant if the discrepancy is zero. In other 
words 

(54) TT*LUx =UJY = 0{Ky). 

We are interested in finding examples of Ricci-flat Kahler cones X = C{S) which 
admit a crepant resolution. 

Proposition 3.5. Let X — C{S) be the Kdhler cone of a Sasaki manifold S sat- 
isfying Provosition \ 2.5l e.g. S is Sasaki- Einstein. Then X is Q-Gorenstein, and 
o Cz X is a rational singularity. If X is Gorenstein, then a Cz X is a canonical 
singularity. 

Suppose X admits a crepant resolution n : Y ^ X . If Hi(Y,Z) — 0, which is 
always the case in dimension 3, then X is Gorenstein. 

Proof. There exits a section i7p g r(Kp^g^). The Riemann extension theorem 
shows that u}^ = ^^(©(Kp^gj)) is locally free, and in fact trivial. If X is Gorenstein, 
then the holomorphic form in Proposition 12.51 is easily seen to satisfy ((52|) . In 
fact, the proof of Proposition 13.31 shows that extends to a regular form on any 
resolution of X. Thus o G X is a canonical singularity. 

Note that the conditions of Proposition [2T5l implv that 7ri(5') is finite. Indeed, the 
transversal Ricci form Ricci g [a^^^], a > 0, where auP" is a positive basic (1, 1) 
class. By the transverse version of the Calabi-Yau theorem there is a transversal 
Kahler deformation to a Sasaki structure with Ric^ > 0. Then after a possible 
£)-homothetic transformation, equation (jlip shows that one can obtain a Sasaki 
metric with RiCg > 0. Then the claim follows by Meyer's theorem. 

The universal cover 5 of 5 is finite, and we have a finite unramified morphism 
g : X ^ X , where X — C{S) U {o}. Then X has canonical singularities by 
Proposition 13. 31 It is well known that the image of a finite morphism X must have 
rational singularities [37l Prop. 5.13]. 

By assumption iT*^r is a nonvanishing section of K®^. Proposition 13.71 below 
proves that Pic Y = {Y, Z) which is free by assumption. Thus Ky is trivial and 
has a nowhere vanishing section f2, and its restriction to i^[0{}^c{S))) defines a 
nonvanishing section of lox- 

It is a result of N. Shephcrd-Barron [S^ than a crepant resolution of an isolated 
canonical 3-fold singularity is in fact simply connected. □ 

Note that for any resolution tt : Y ^ X the long exact sequence of the pair (Y, S) 
(topologically Y can be considered to have boundary S) and some arguments as 
in Theorem 13.81 one can show that i?i(S', Z) i?i(Y,Z) is a surjection in any 
dimension. 

We collect some properties of crepant resolutions tt : Y ^ X oi an isolated 
singularity that will be useful in the sequel. We are interested in the case in which 
X = C{S) is the cone over a Sasaki manifold satisfying Proposition 12.51 but the 
following results are true more generally for an isolated canonical singularity a £ X 
with X Stein. 
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Recall that the local divisor class group is 

WDivf/ 



(55) Cl(X,o):=Um- 

CDiv U 

where the limit is over all open neighborhoods U of o. Since X is contractible, 
C\{X,o) — Pic(X \ o). Here we are considering analytic Weil divisors WDiv and 
analytic Cartier divisors CDiv. Thus X is analytically factorial precisely when 
C1(X, o) = 0. Since o G X is an isolated rational singularity it follows from Flen- 
ner [H Satz (6.1)] that 

(56) Gl{X,o) = H^{S,I.). 

Thus if TTi{S) = e, then X is analytically factorial if it is analytically Q-factorial. 

In the case dim X — 3 much is known about the structure of canonical singular- 
ities. We summarize some important results. 

Theorem 3.6. Let X be a 3-dimesional analytic variety with only canonical sin- 
gularities. Then we have the following. 

(i) Terminalization [52[ Main Theorem]: There is a projective crepant partial 
resolution tt :Y ^ X where Y has only terminal singularities. 

(ii) Q-factorialization |i32|, Corollary 5.4]: By possible further projective small res- 
olutions Y can be chosen to be analytically Q-factorial. 

(Hi) Quasi-uniqueness [331 Corollary 4.11]: Y is generally not unigue, but any two 
admit the same finite set of germs of isolated singularities. 

The proof of Theorem 13. 61 (iii) involves showing that the two partial resolutions 
differ by a finite sequence of birational modifications called flops. These preserve 
the kind of singularities and also i7*(y, Z) [34] ■ Thus in case X = C{S) and 
d\mX = 3, for a crepant resolution tt : Y ^ X H*{Y,Z) is an invariant of the 
singularity X — C{S). 

We define the divisor class number to be p{X) = rankCl(X, o). A prime tt- 
exceptional divisor E is called crepant if its coefficient a{E,X) = in ([53|l . The 
number of crepant divisors, denoted c{X), is finite and independent of the resolution 

TT -.Y ^ X. 

Proposition 3.7 ([17 ). Let o £ X be a canonical singularity with X Stein, and 
let TT : Y ^ X be a partial crepant resolution of X . Then PicK = H^iY, li). 

The singularities of Y are canonical and thus rational. An easy application of the 
Leray spectral sequence shows that H'^{Y, Oy) = for i > 0. Then the proposition 
follows from the exponential sequence 

(57) ^ H\Y,Oy) -> PicF H^iY,Z) H^{Y,Oy) ^ • 

Theorem 3.8 (|17j). Suppose o € X is a canonical singularity as above. Let 
■n : Y ^ X be a a partial crepant resolution with terminal analytically Q-factorial 
singularities. Then we have 

(l) bi{Y)=b2n-l{Y)=b2n{Y)=0, 
(ll) b2n-2{Y)=c{X), 

(tit) b2{Y)^ piX)+c{X). 

Proof. Arguments using the rationality of the singularities and the Leray spectral 
sequence similar to those in Proposition 13 . 71 show H^{Y,Z) = 0. The retraction of 
X to o £ X lifts to a retraction of F to = 7r^^(o). This proves (i). 
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For (ii) let Ei be the prime divisors in E — n ^ (o) , then we have 

c{X) 

(58) H^"-^ {Y, Z) ^ (£;, Z) ^ 2"-2 (^E^ , Z) . 

1=1 

The proof of (iii) follows from the following commutative diagram with exact 
rows 

> K > WDivF > WDivX y 

> K — ^ ci(r) > c\{x) > 

where K is the group generated by divisors with support in E = 7r^^(o). It is easy 
to see that l is an inclusion because the codimension of o G X is at least 2. Now 
(iii) follows from Proposition l3 . 71 and the fact that Y is analytically Q- factorial. □ 

Note that when dimX = 3 all of the Betti numbers besides 63(F) are determined 
by invariants of X. Since we are considering cone singularities X = C{S), we will 
make use of (iii) most often in the form given by (|56p . 

(60) b2{Y)^b2{S)+b2n-2{Y). 

3.3. Toric resolutions. Let X — C{S) be a toric Kahler cone. Then as an alge- 
braic variety X = Xa where A is the fan in Zt = Z" defined by the dual cone 
C(^)*, spanned by mi, . . . , G Zt, and its faces as in ((36)l . We assume that X 
is Gorenstein. Thus there is a 7 G Z^ so that j{ui) — —1 for i = 1, . . . , rf. Let 
H~f = t: (7,2;) = —1} be the hyperplane defined by 7. Then 

(61) Pa {x e C{^i)* : (7, x) = -1} C ^ K""^ 

is an (n — l)-dimensional lattice polytope. The lattice being n Zt = Z"^^. 
A toric crepant resolution 

(62) tt:X^^Xa 

is given by a nonsingular subdivision A of A with every 1-dimensional cone e 
A(l),i = l,...,7V generated by a primitive vector Ui := n H^. This is equivalent 
to a basic, lattice triangulation of Pa- Lattice means that the vertices of every 
simplex are lattice points, and basic means that the vertices of every top dimen- 
sional simplex generates a basis of Note that a maximal triangulation of 
Pa, meaning that the vertices of every simplex are its only lattice points, always 
exists. Every basic lattice triangulation is maximal, but the converse only holds in 
dimension 2. 

The condition that Ui := n H-y is primitive for each i — 1, . . . , N is precisely 
the condition that the section of Proposition (|2.10p . Q S r(K(7(5)), characterized 
by 7 S Zt lifts to a non- vanishing section of Kx^. See [IS], Proposition 2.1. 

Note that a toric crepant resolution ([5^ of Xa is not unique, if one exists. 
But if _E = 7r^^(o) is the exceptional set, then the number of prime divisors in E 
is invariant. There is a prime divisor Ei,i = d + 1, . . . , N for each lattice point 
Zt n IntPA. 

We give the toric version of Theorem 13.81 
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Theorem 3.9. Let Xa be a n- dimensional Gorenstein toric cone with an isolated 
singularity a G Xa- Let tt : — > Xa be a a partial crepant resolution with 
terminal analytically Q-factorial singularities. Then we have 

(i) hi{Y) = 62„-l(r) = h2n{Y) = 0, 

(li) b2n-2{Y) = c{X) - |Zt n MPaI, 
(iii) b2{Y) = p{X) + c{X) = d-3+ |Zt nlntPAl- 

Furthermore, if A is simplicial, then fe2n-3 = 0. 

The proof follows from 13.81 and the above remarks. The last equality in (iii) 
follows from the fact that if S is the Sasaki link, Xa = C{S), then 62(5*) = d — 3. 
The final statement follows from the fact that each exceptional divisor Ei has 
b2n-3{Ei) = and an easy argument with the Mayer- Vietoris sequence. 

We are interested in resolutions X^ with Kahler classes, and in particular, a 
Kahler classes in i7^(X^,R). We make some definitions to that end. 

Definition 3.10. A real valued function h : |A| — )■ M on the support |A| := Uo-eAC 
is a support function if it is linear on each cr G A. That is, there exist an l„ G (R")* 
for each a G A so that h[x) =^ {la,x) for x € cr, and {la,x) — {It,x) whenever 
X € T < a. We denote by SF(A,M) the additive group of support functions on A. 

We will always assume that |A| is a convex cone. A support function h G 
SF(A, E) is said to be convex if h{x + y) > h{x) + h{y) for any x,y G | A|. We have 
for a G A(n), {la,x) > h{x) for all x G |A|. If for every a G A(n), we have equality 
only for x € a, then h is said to be strictly convex. 

Given a strictly convex support function h G SF(A), we will associate a rational 
convex polyhedral set Ch C t* to A and h. The fan associated to Ch as in ([55]) is 
A. For each tj G A(1) we have a primitive element Uj G Zt, j = 1, . . . , as above. 
Set Xi := h{ui). Then define 

N 

(63) Cn:={^{yei* ■.{u,,y)>X,}. 

Definition 3.11. A strictly convex support function h G SF(A,R) is compact if 
h{uj) = 0, j = 1, . . . , d, where Uj G Zp, j = 1, . . . , d, are the elements spanning A. 

We will make use of a Hamiltonian reduction method of constructing a toric 
variety associated to a given polyhedral set C t* . Originally due to Delzant and 
extended to the non-compact and singular cases by D. Burns, V. Guillemin, and 
E. Lerman in |16| it constructs a Kahler structure on X^ associated to a convex 
polyhedral set ([55)1 . See also [551 [59] for more on what is summarized here. 

Let A : — > Tjt be the Z-linear map with A{ei) — Ui, where ei,i = 1,. . . ,N 
is the standard basis of Z^. The M-linear extension, also denoted by A, induces a 
map of Lie algebras A : R^ t. Let t = ker A. We have an exact sequence 

(64) ^ t R" ^ t ^ 0. 

Since A induces a surjective map of Lie groups if — R^/27rZ^ and K = ker^, 
we have the exact sequence 

(65) l^K — > ^ T" ^ 1. 
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The moment map $ for the action of on (C^, ^ ^jLi dzj A dzj) is 

N 

(66) *(z) = ^|z,pe;. 

Then moment map for the action of K on is the composition 

(67) $A' = S* o $, 

where 6* : (M^)* ^ T is the adjoint. Let A = J2f=i ^jC*' ^^'^ ^ = 6*(-A). Then 

(68) Mc,:^<^-^{v)IK 

is smooth provided Ch in non-singular as in (j20p . The Kahler form on descends 
to a Kahler form lo^ on . 

Proposition 3.12 ([SS]). We have = Mc^ as toric varieties. Thus ojh is a 
Kahler form on for any strictly convex h G SF(A,R). 

Furthermore, if h is compact, then [uj^] G i^A ' ^) ■ "^^^ ^ ' ^ ^ 

d + 1, . . . , N , correspond to the prime divisors Dj in E — 7r^^(o). For each j = 
d + 1, . . . , N , let Cj e H^{X^,'R) be the Poincare dual of [Dj] in H2n-2{X . 
Then 

N 

[uj] = [u^h] = -27r ^ XjCj, 
j=d+i 

where uj is the Ricci-flat Kahler form of Corollary 

Proposition 3.13. Let X — X^ be a 3-dimensional Gorenstein toric cone variety. 
Suppose IntPA contains a lattice points, i.e. X is not a terminal singularity. Then 
there is a basic lattice triangulation of Pa such that the corresponding subdivision 
A admits a compact strictly upper convex support function h £ SF(A,M). 

Proof. The subdivision of A is attained by a sequence of generalized toric blow-ups. 
There is an integral u S Int Pa by hypothesis. We let Ai be the star subdivision of 
A with respect to r„, the 1-cone spanned by the primitive element u E Z^, obtained 
as follows. For each a S A(2), we let cti :— a- + t„ be an element in Ai(3). Then 
Ai consists of each such cti and all of its faces. Since Ai is simplical we may define 
hi g SF(Ai,M) on (Ti = (t + t„ to be Z^i € Mr with Z^iU = and lai{Tu) = ei > 0. 
Then hi is strictly upper convex. 

Inductively, suppose we have a simplical refinement A^ with a compact strictly 
upper convex hk G SF(A/j,M). Choose an integral Uk+i G IntPA that is not 
contained in an clement of Ak{l). If Uk+i is contained in the interior of G Ai;(3), 
then we take the star subdivision oiak with respect to Tu^.^-^ spanned by u^+i. This 
is attained by adding the cones of the form ak+i = P + Tut+i where (3 < ak is a 
proper face. This gives a refinement Ak+i. We set hk+i to be equal to hk outside 
the cones in the subdivided ak, and we define hk+i on the subdivided ak as follows. 
Let la-^. G Mr define hk on ak- Then we define la-t+i •= ^o-t + ^^i; where m G Mr is 
zero on (3 and m{uk+i) = f-k+i > 0. Then for sufficiently small ek+i > this hk+i 
is strictly upper convex. 

Suppose Uk+i is contained in the interior of Tk G Ak{2). Suppose = R>orii -|- 
M>on2. Letr^ = K>oni-hM>oUfc+i and = M>o?7/c+i+M>on2. Foi al,al G Afe(3) 
that have Tk as a face, we have al = Tk + a* with a' G Ai;(l), i = 1,2. Then we 
define A^+i by replacing the cones a\,a'^ with the cones a^^^^ +a*, i,j — 1, 2. 
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We set hk+1 to be equal to hk outside the cones (y\,<J'l- Let g Afn define 
/i^ on (T^. On cr^:'^]^ we define l^ij := Z^.!^ + m, where m g Mr is defined by 

m{nj) = m(a^) — and jn.(uk+i) = Cfc+i > 0. Again, for small enough Sk+i > 
hk+i is strictly upper convex. □ 

Note that the argument in the proof will also give h e SF(A,Q). Thus the 
resolution Xa is projective. 

Theorem 11.31 now follows from Proposition 13.131 and Corollary 11.21 It is not 
difficult to see that the only terminal 3-dimensional Gorenstein toric cones are C'^ 
and the quadric hypersurface X — {zq + + z| + z| = 0} C C''. 



3.4. Quotient singularities. We recall results on resolutions of quotient singu- 
larities C"/G, where G is a finite group. For C"/G to have trivial dualizing sheaf 
we must have G C SL{n,C). We will restrict to the case of G abelian as this will 
be sufficient for our purposes. And in this case we may consider toric resolutions 
TT : C^G ^ C"/G. 

Suppose G is a finite abelian group acting on C". We may assume that the 
action is diagonal. And assume the fixed point set of each nontrivial element has 
codim > 2. Since G acts freely on (C*)", Tc := (C*)"/G is an algebraic torus. The 
lattice Z" C R" is the kernel of exp : M" T" C Tc, where exp(a;i, . . . ,a:„) = 
. . . , e^''""). The group of 1-parameter subgroups of Tc is the lattice Zt — 
exp^^(G). And G is isomorphic to Zt/Z". Then C"/G is the toric variety Xa 
associated to the fan A in Zy given by the cone a = M>oei + • ■ ■ + ]R>oe„ and all 
of its faces. By the condition on the fixed point set each Ck G Zy is primitive. The 
dualizing sheaf of Xa is trivial precisely when the support function 7 : R" — > R, 
7(Z!fc=i Xkek) = Ylk=i Xk, is integral, i.e. 7(Zt) C Z". 

A resolution of Xa is given by a nonsingular subdivision A of A. And as above 
if Hj := {x : 7(2;) = 1} C R", then the triviality of the canonical bundle of X^ is 
equivalent to each r g A(l) being generated by a primitive element in Pa H Z^, 
where Pa = n A. 

Suppose TT : X^ — > Xa is a crepant resolution. Then for each /? g A(n) we have 

(69) Vol((T n {x : j{x) < 1}) : Vol(/3 n {x : -f{x) < 1}) = [Zt : Z"] : 1 = |G|. 

Therefore \ {(3 : (3 G A(n)}| = |G|. It is well known [53 that the Euler characteristic 
of a toric variety is given by x{^a) ~ ■ P ^ For n = 2 and 3 such a 

subdivision A always exists, but it may not for n > 4. 

Now suppose that C"/G has an isolated singularity, that is, each nonzero element 
of G only fixes the origin. Then we have a version of Proposition 13.131 for this 
situation. 

Proposition 3.14. Suppose C"/G is a Gorenstein isolated singularity, so G G 
SL{n,C), with G is abelian. If n — 2 or 3, then C"/G has a projective toric 

crepant resolution tt : C"/G — > /G. Furthermore x(C"/G) — \G\. 

Note that for n = 2 and 3 the Betti numbers of C"-/G are known. For n = 3 we 
have 62 = 64 = ^(x ^ !)■ 



22 



CRAIG VAN COEVERING 



4. TORIC EXAMPLES 

4.1. Toric 3-dimensional examples. Toric Ricci-flat Kahler cones are known 
in abundance. The first examples of non-regular toric Sasaki-Einstein manifolds 
appeared in [26" with the metrics given explicitly in [25^. As stated in Theorem l2.11l 
the general existence of Sasaki-Einstein metrics on toric Sasaki manifolds was solved 
in [24] . Thus every Q-Gorenstein toric Kahler cone admits a Ricci-flat Kahler cone 
metric. See [19] and also |59l [58] for the construction of infinite series of examples. 

The topology of simply connected toric Sasaki-Einstein 5-manifolds is very re- 
stricted. The first result due to H. Oh [49] determines the homology. 

Lemma 4.1. Let S be a simply connected 5-manifold with an effective -action. 
If S has k different stabilizer subgroups, then H2{S,'Z) — . 

A simply connected Sasaki-Einstein manifold is spin. Thus the classification of 
smooth simply connected spin 5-manifolds of S. Smale [56 gives the following. 

Theorem 4.2. If S is a simply connected toric Sasaki-Einstein 5-manifold with k 
stabilizer subgroups, then S is diffeomorphic to ^{k — 3)(5^ x S^). 

The first non-regular toric Sasaki-Einstein manifolds were given in a series of 
examples S^''^, with p,q ^ N,p > q > and gcd{p,q) = 1, due to J. Gauntlett, D. 
Martelli, J. Sparks and D. Waldram [25]. These are all diffeomorphic to x 5*^ and 
include the first examples of irregular Sasaki-Einstein manifolds. In [19] and [591158] 
infinite series of toric Sasaki-Einstein manifolds are constructed. Together these 
give infinitely many examples for each b2{S) > 1. From Theorem 11.31 we get the 
following. 

Theorem 4.3. For each m > 1, there exist infinitely many toric asymptotically 
conical Ricci-flat Kahler manifolds Y asymptotic to a cone over a Sasaki-Einstein 
structure on ^m{S'^ x S^). For each m > 1, the Betti numbers, b2{Y) — m -\- 
c{X), &4(1^) ~ c{X), of the Y become arbitrarily large. 

4.2. Resolutions of C{SP''^). We now give some details on the Sasaki-Einstein 
manifolds S^''', the cones (7(5^''?), and their resolutions. The series S^''^, where 
p,q G N,p > q > 0, and gcd(p, g) = 1, first appeared in [26]. These examples 
are remarkable in that they contain the first known examples of irregular Sasaki- 
Einstein, and also because the metrics are given explicitly (cf. [25]). They appeared 
as a byproduct of a search for supersymmetric solutions of Z) = 11 supergravity. 

These examples are diffeomorphic to S'^ x S^, are toric, and are of cohomogeneity 
one with an isometry group of S0{3) x C/(l) x U{1) if p,q are both odd, and 
U{2)xU{l) otherwise. The Sasaki structure is quasi-regular precisely when p,q 
as above satisfy the diophantine equation 

(70) 4p2-3q^=r2, 

for some r e Z. It was shown in [25] that there are both infinitely many quasi- 
regular and irregular examples. 

The cone Xa = 0(3^''') U {o} is given by the fan A in Z,^ generated by the four 
vectors 

(71) ui = (0,0, 1),U2 = (1,0, 1),U3 = {P,P, 1),'«4 = {p- q-l,p- q, 1). 

A basic lattice triangulation of Pa can be constructed for general p, q as is shown 
in Figured] for C{S^'^). We denote the resolved toric manifold by Y^''' . It is not 
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difficult to sec tliat tlie subdivision A of A lias a compact strictly convex support 
function. Thus Corollary 11.21 gives a, p — 1-dimensional family of asymptotically 
conical Ricci-flat Kahler metrics on Y^''^. Note that the crepant resolution F^'^ of 
C{SP''^) is unique. And by (|70p there are infinitely many examples Y^^'^ asymptotic 
to cones over irregular Sasaki-Einstein manifolds. 




Figure 1. F^-^ 



5. HyPERSURFACE SINGULARITIES 

5.1. Sasaki structures. We will consider isolated hypersurface singularities de- 
fined by quasi-homogeneous polynomials. Let w = [wq, . . . ,Wn) € with 
gcd(M;o, • ■ • , w„) = 1. We have the weighted C*-action C*(w) on C"+^ given by 
(^o, . . . , Zn) — > (A"'"zo, . . . , A'""z„) with weights Wj. A polynomial / e 'C[zq, . . . , Zn] 
is quasi-homogeneous of degree d G Z-|_ if 

(72) /(A'^-'zo,-- - ,A'""z„) = A'*/(zo,...,z„). 

The hypersurface Xf — {/ = 0} C C"+^ is called the weighted affine cone. We will 
assume that the origin is an isolated singularity. Then the link 

(73) Sf ^ XfnS^''+\ 

where 5"^"+^ — {(zo,...,z„) e C"+-^ : J2^j^o\zj\'^ = 1} is the unit sphere, is a 
smooth (2n — l)-dimensional manifold. Much is known about the topology of Sf. 
For example, it is proved in ^S] that Sf is {n — 2)-connected. 

We have the weighted Sasaki structure (^w, ?7w, ^w, <?w), as in Example 12.31 on 
^2ri+i .^yi^if;!^ ^jjg Reeb vector field generates the S'^-action induced by the 
above weighted action. This Sasaki structure will be denoted by 5^"'*'^; and, as 
explained in Example 12. 3[ the Kahler cone is C{S^~^^) = C'^'^^ as a complex 
manifold, but the Euler vector field and potential r are not the usual ones. 

Given a sequence of weights w = {wq, . . . , w„) as above, we have the graded poly- 
nomial ring S'(w) = C[zo, . . . , z„], where Zj has weight Wj. The weighted projective 
space CP(w) = CP{wo, . . . ,Wn) is the scheme Proj(S'(w)) (cf. [22l[5]). Geomet- 
rically it is the quotient (C"'^^ \ {0})/C*(w). Equivalently, it is the quotient of 
= (Cw, ??w, ^w,3w) by the weighted circle action S'^(w) given by restricting 
the C*(w)-action. Thus CP(w) is a compact complex Kahler orbifold. 
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Alternatively, one can use results of ^3] to construct a Kaliler cone metric on 
C"+^ with any Reeb vector field Jr9,. — S, — X]j=o af~ with bj > 0, j = 0, . . . , n, 
where the g|- generate the r"+i-action on C"+\ (zq, . . . ^ (e**"zo, . . . ,e*'^"z„) 

for (00, ...>„) e Then if (6o, ■ • ■ ,6„) - K, . . . £ we have a 

Kahler cone structure on C""*"^ with Sasaki structure on 5"^"+^ which is equivalent 
to S^'^^ up to a transversal Kahler deformation. 

Now if / € C[zo,...,z„] is quasi-homogeneous, then Zf := {[zq '■ ■■■ '■ Zn] ■ 
f{zo, . . . , Zn) = 0} C CP(w). We have the following from [7]. We will say that Zf 
is quasi-smooth if the affine cone ^/ is smooth outside the origin. 

Lemma 5.1 ([7J). The link Sf has a quasi-regular Sasaki structure induced from 
(Cw, Jyw, 'I'w, .9w) on 5^"+^ such that we have the commutative diagram 

Sf > 

TT 

Zf > CP(w) 

where the horizontal maps are Sasakian and Kdhlerian emheddings respectively, and 
the vertical maps are S^ V-hundle maps and Riemannian submersions. 

Since we assume that Xf C C""^^ has only an isolated singularity at the origin, 
Zf is a Kahler orbifold. In general we will say that a complex orbifold is well- 
formed if its orbifold singular set has no components of codimension 1. Not all of 
the orbifolds in this article will be well-formed. When a complex orbifold Z is not 
well-formed the orbifold structure is ramified along divisors. If there is a degree 
rui ramification along Di C Z, then we call the Q-divisor A — ^ T^)^* 

branch divisor. If Kz denotes the usual canonical class, then the orbifold canonical 
class is K"^^^ — Kz + A. Note that the orbifold structure is determined by both 
the complex space Z and A, so one sometimes writes (X, A) to denote an orbifold. 

Proposition 5.2 (:10j). The orbifold Zf is Fano, i.e. the orbifold canonical bundle 
Kzf is negative, if and only if |w| — X]j=o ''^3 ^■ 

Note that the orbifold canonical bundle is different than the usual canonical 
bundle if is not well-formed. 

It follows that the cone C{Sf) satisfies the condition of Proposition 12. 51 In fact, 
by the adjunction formula the n-forms 

f-l)*^ - — - 
(74) ^fc — o >■ /a dzo/\---/\dzkA--- A dzn\x, 

of/dzk 

glue together to a global generator of the canonical bundle Jixxio}- The C*(w)- 
action acts on with weight X]j=o ^ Thus, after possible performing a 
D-homothetic transformation, we see that fl satisfies Proposition 12.51 (iii). 
We have the following small generalization of [51], Proposition 4.3. 

Proposition 5.3. The hypersurface Xf C C"^^ has a rational, and hence canon- 
ical singularity at if and only if |w| > d. 

One can check that the form fl defined by ([7^ satisfies Proposition 13.31 if and 
only if |w| > d. 
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5.2. Sasaki-Einstein metrics. We review a sufBcient algebro-geometric condition 
that has been used proHfically to get examples of positive orbifold Kahler-Einstein 
metrics |21[ 131] . This is used for example in the case quasi-homogeneous hyper- 
surfaces (cf. [inill]) to show that in some cases the Sasaki-structure in Lemma [5TT] 
has a transversal deformation to a Sasaki-Einstein structure, but it is not limited 
to that case (cf. [35], I36j). This makes use of the following definition. 

Definition 5.4. Let X be a normal complex space and D d X a Q-divisor. Assume 
that D and Kx are both Q-Cartier. Let n : Y X be a proper birational morphism 
with Y smooth. Then there is a unique Q-divisor Dy = '^j^i such that 

Ky = TT*{Kx + D)+Dy and ir^Dy = D 

We say that (X, D) is Kawamata log terminal(klt) if the > ~1 for every tt. 

Theorem 5.5 ( |211l47j ). Let (X, A) be an n-dimensional compact complex orbifold 
with —K^^ = —Kz — A ample. Suppose there is an e > so that 

{X, + A) ts kit 

for every effective Q-divisor D = —K'^^. Then (X, A) has an orbifold Kahler- 
Einstein metric. 

The theorem follows by associating a multiplier ideal sheaf to an attempt to 
solve the Monge- Ampere equation for a Kahler-Einstein metric, via the continuity 
method. The multiplier ideal sheaf is a proper subsheaf of Ox unless the conti- 
nuity method produces a Kahler-Einstein metric. The condition in Theorem 15.51 
guarantees that this sheaf is Ox- 

Checking the condition in Theorem 15.51 is generally quite difhcult. But in cer- 
tain cases it can be simplified. In particular, for perturbations of Brieskorn-Pham 
singularities simple sufficient numerical criteria are given in JlOj for Theorem 15. 51 to 
be satisfied. 

6. HyPERSURFACE EXAMPLES 

6.1. Weighted blow-ups. We will make use of the notion of a weighted blow- 
up. Let w = {wq, . . . , Wn) be a weight vector and S'(w) = C[zo, . . . , z„] graded 
polynomial ring as above. If 5'(w) = X]j>o "^(j)' where S{j) are the homogeneous 
elements of degree j, and / G S'(w) is written in homogeneous components / = 
J2j>o fU)^ then we define the degree of / to be w{f) = minj>o{/(j) ^ 0}. We 
have ideals M^(i) = {/ G S{w) : w{f) > j}. 

Definition 6.1. Then the weighted blow-up B^C"^^ of C"+^ with weight w is 

Proj(E,>oA^"0'))- 

For any variety X C C""*"^ the weighted blow-up B^X is the birational transform 
of X in B^C"^-^. Geometrically i3^C"+^ is the total space of the tautological 
line V-bundle over CP(w) associated to the C*-action on C"+^ \ {0}, which has 
associated rank— 1 sheaf 0{—l). 

Alternatively, we may consider C"+^ as the toric variety associated to the fan A 
consisting of the cone a = M>oeo -I- K>oei + • ■ • + M>oe„ and all of its faces. Then 
we have an integral element w € Int((T). The weighted blow-up i?J'C""'"^ is then 
the toric variety associated to the fan A"^ consisting of the ray spanned by w 
and all cones t^, + P where /3 < cr is a proper face. 
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We give a Kahler structure on the weighted blow-up tt : B^C"^^ C"+^. The 
Sasaki structure S*^""*"^ as in Example 12.31 has the Kahler cone C(5^"+^) which is 
biholomorphic to C"''"^ and has metric dr^ + r^g with Kahler form u! — dd'^^. 
Note that r is not the usual radius function on C""'""'^, and is not necessarily 
smooth at o e C"+^ But TT*r^ is smooth on S^C"+^ Let : R>q [0, 1] be a 
smooth function with 0(r) = 1 for r < a and (j){r) = for r > b for < a < 6. 
Then luq = dd^icj) log r"^) + Cdd'^r^ defines, an orbifold, Kahler form on i3J'C"+^ for 
sufficiently large C > 0. And we have [luq] e H^{Y,M.). 

Let F be the exceptional divisor of tt : B^C"'^^ C""*"^. For a hypersurface 
X = {f ~ 0} C C""*"^ the weighted blow-up is the birational transform X' = 
B^X C B^C"+i with exceptional divisor E ^ Fn X'. We have the following 
adjunction formula [52] 

(75) Kx' =Tr*Kx + iw{zo • • • Zn) - w{f) - l)E\x' . 

6.2. Examples with 63 ^ 0. We consider the simplest cases in which the termi- 
nalization procedure of M. Reid (cf. (SUES]) produces a smooth crepant resolution 
TT : Y ^ X. This says that one can construct a projective crepant resolution F of a 
3-fold X with only canonical singularities such that Y has only terminal singular- 
ities. If X is Gorenstein, then one successively resolves the isolated non-terminal 
singularities with blow-ups of weights (1, 1, 1, 1), (2, 1, 1, 1), or (3, 2, 1, 1). 
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Figure 2. Examples with 63 (F) 7^ 



The first example in Figure 16.21 for fc > 3 admits a crepant blow-up with weight 
(1,1,1,1). The result is smooth besides one singularity of the form x^^ x\+ X2 + 
^3 = 0. Proceeding inductively, one gets a smooth resolution F if fc = or 
1 mod 3. The second example for k > A admits a crepant blow-up with weight 
(2, 1, 1, 1). The blow-up has one singularity of the form x1 + x\-\- X2 + x^~^ — 0. 
And for A: = or 1 mod 4 after repeating this blow-up we get a smooth resolution. 
The third example is completely analogous but we repeatedly blow-up with weight 
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(3, 2, 1, 1), and for fc = or 1 mod 6 we get a smooth resolution. The resolutions 
of the these three series of hypersurfaces is due to H.-W. Lin [40j . For the fourth 
example, the usual blow-up is crepant. The result has a smooth genus 3 curve of 
A2 singularities. Blowing up along this curve results in a smooth resolution. 

Since each blow-up admits a compact Kahler class, Theorem 11.11 proves that 
each resolved space Y admits a c{X) dimensional space of asymptotically conical 
Ricci-flat Kahler metrics for the range given in the second column for which S is 
known to admit a Sasaki-Einstein metric. 

The second column gives the range of k for which the Sasaki link S is known 
to admit a Sasaki-Einstein metric. This can be proved from the simple numerical 
condition in Theorem 34 of [lOj for examples which are perturbations of Brieskorn- 
Pham singularities. The third column gives k mod 3, 4 and 6, the fourth says 
whether the X admits a crepant resolution tt : Y ^ X, the fifth gives the number 
c{X) of prime divisors in 7r^^(o) = E, and the sixth gives the third Betti number 
of the resolution Y. 

The homology of S can be computed using well known results on hypersurface 
singularities (cf. [46]). But a simpler method is to use a result on the homology of 
a 5-dimensional Seifert bundle over a complex orbifold of J. KoUar [35^. Let {Z, A) 
be an orbifold with branch divisor A = ~ whose singularities are all 

locally quotients of cyclic groups. Suppose tt : S* ^ Z is a Seifert S'^-bundle with 
smooth total space. So 01(5"/^) e H^{Z,Q). Let Ord(Z, A) be the l.c.m. of the 
orders of the local groups of the orbifold. Then Ord(Z, A)ci(5/Z) e H'^{Z,Z), and 
let d G N be the greatest number dividing this integral class. 

Theorem 6.2 ( 35 ). Suppose t: : S ^ Z is a smooth Seifert S^-hundle over a pro- 
jective orbifold. ^ Assume Hi{S,Q) = and H?'''''{Z,Z) = 0. If s = ranki/2(Z, Q), 
then H'^{S, Z) is as follows. 















Z 







z^-ieE.^™-""*' 




z 



As in Lemma 15.11 the Sasaki link is a Seifert bundle n : S ^ Z over a weighted 
homogeneous hypersurface. We have 7ri(S') = e as the link of an n-dimensional 
hypersurface singularity is (n — 2)-connected [3S|. We consider the Milnor algebra 
to compute ranki?^(Z, Q). 



(76) 



M{f) 



C[xo, . 



(df/dxo, . . . , df/dx„ 



Then M(/) is a graded algebra, and we denote by M {f)n the degree n homogeneous 
component. 

Theorem 6.3 ([57]). The Hodge numbers of the primitive cohomology IIq{Z) of 
an n-dimensional, degree d — w{f), quasi-smooth homogeneous hypersurface Z f C 
CP"+"'^(w) are given by 



dimcM(/)(j+i)rf_ 



wi- 



lt is not difficult to compute Il2{S) from Theorem 16.31 and Theorem 16.21 Note 
that since S is simply connected and spin, this completely determines the diffeo- 
morphism type of S from the results of S. Smale [55] . 
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The resolution procedure for k = 2 mod 3 in the first family, k ~ 3 mod 4 in 
the second, and k — 5 mod 6 in the third stops with a Y with a single terminal sin- 
gularity. It follows from ([55)) that these singularities are analytically Q-factorial. It 
follows from Theorem l3.6l fiii) that any partial crepant resolution must be singular. 

For the first three examples the divisors Ei, i — 1, . . . , c{X) — 1 in £' = tt^^{o) 
besides the last, are ruled surfaces over an elliptic curve. For fc = mod 3, 4, and 
6 the divisor Ec is a del Pezzo surface. And for k = 1 mod 3,4, and 6 the divisor 
Ec is a cone over an elliptic curve. 

6.3. Resolutions of quotient singularities. It is well known [54] that every 
Gorenstein quotient singularity in dimensions n = 2 and n = 3 has a crepant 
resolution. That is, for a finite group G C SL(n, C), there is a crepant resolution of 
/G ioi n — 2 and n = 3. Therefore if dimX < 3 has a partial crepant resolution 
IT : Y ^ X so that Y has only orbifold singularities, then Y can be resolved to 
get a crepant resolution of X, n : Y X. For our purposes we will only need to 
consider abelian, in fact cyclic, groups G. Thus the toric resolutions in Section [3.31 
are sufiicient. 

Suppose X = C (S) is a Kahler cone satisfying Proposition 12.51 such that S is 
quasi-regular with leaf space Z . Then C{S) = (K^)^, for p,q e Z+, where 
denotes the total space of the orbifold canonical line bundle minus the zero section. 
If p = <? = 1, then the total space of provides an obvious partial crepant 
resolution of X with orbifold singularities. Since has a negative curvature 
connection, given by the contact structure i] on S, there is a bimeromorphic map 
TT :Y = Ky X given by collapsing the zero section [27] . 

Let Pic"'' Z be the Picard group of orbifold line bundles on Z. Since Kz is 
negative, standard arguments show that Pic°'''' Z = H^j,f,{Z, Z). 

Definition 6.4. The index of a Fano orbifold Z , denoted Ind Z , is the largest 
positive integer m such that -^ciCKz) G ^orb(^'^)- Equivalently, m is the largest 
positive integer such that admits an to"' root • 

If S is simply connected and Ind(Z) = 1, then C{S) — and we have a partial 
resolution it : Y ^ X. This is the case in the examples of Figure 16.31 These 
Sasaki-Einstein manifolds first appeared in [3T] and [12] . They the examples whose 
leaf spaces are the anti-canonically embedded quasi-smooth and well formed 2- 
dimensional hypersurfaces. These log del Pezzo hypersurfaces were classified in [31] , 
and are listed in Figure [6731 They are all proved to admit Kahler-Einstein metrics. 
Most were proved to admit Kahler-Einstein metrics in [31]. The remaining cases 
were proved in [12] for weights (2,3,5,9), in TT] for weights (1,3,5,8), and in [3] 
for weights (1, 2, 3, 5) and (1, 3, 5, 7). 

Since Zf C CP(w) with w = {wq,wi,W2tWz) is anti-canonically embedded, the 
total space of Vizj is isomorphic to the weighted blow-up X' — B^Xf of the quasi- 
homogeneous hypersurface Xf = {/ = 0} C C*. Since Zj is well formed it, only 
has isolated singularities. If x G Z f is a singular point with local group Zp acting 
with weights (r, s) G 1? , i.e. (zi,Z2) {a^ zi^a" Z2), a € Ap the p-th roots of 
unity, then x € X' is an orbifold point with weights (r, s, — r — s). And X' has only 
isolated singularities. We can construct a smooth resolution n -.Y ^ X' ^ Xf by 
gluing the resolutions of Proposition 13. 141 

We have one series of examples and the rest are sporadic. For each possible 
set of weights {wo,wi,W2,W2,) we give the number of exceptional divisors c(X); 
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W = {wo,Wi,W2,W3) 


d 


c{X) 


mw 


rtw 
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{2,2k + 1,2k + 1,4k +1) 


8fc + 4 


6k + 1 


12 


5 


#7(5^ X S--') 


(1,2,3,5) 


10 


2 


17 


5 


#8(5^ X S'-^) 


fl 3 5 7) 


15 


4 


19 


8 




fl 3 5 8) 


16 


4 


20 


8 


#9(5^ X S'-^) 


f2 3 5 9) 


18 


3 


13 
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#6(5^ X S"^) 


f3 3 5 5) 


15 


12 


10 


2 




(3,5,7, 11) 


25 
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8 


3 


#4(5^ X S"^) 

IT -^V 1^ j 


(3 5 7 14) 
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#5(5^ X S"^) 


(3 5 11 18) 
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10 
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#5(5"^ X S"^) 
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#3(5"^ X S"^) 


(5,19,27,31) 
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27 


5 
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#2 5^ X S*^ 


(5,19,27,50) 
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#3(5^ X S-") 


(7,11,27,37) 
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27 
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#2(5-^ X S"^) 
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27 
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#3(5'^ X S"^) 


(9,15,17,20) 


60 
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#2(5^ X S*^) 


(9,15,23,23) 


69 


46 
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#4(5^ X S*^) 


(11,29,39,49) 
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44 
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#2(5" X S*^) 


(11,49,69,128) 
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S*" X 5^ 


(13,23,35,57) 


127 
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#2(5" X 5^) 


(13,35,81,128) 


256 


64 


4 





5" X 5^ 



Figure 3. Examples with 63(F) = 



rriw is the complex dimension of the space of admissible polynomials, i.e. those of 
weighted degree d giving a quasi-smooth hypersurface; is the dimension of 
modulo the action of the automorphism group of CP(w), thus is the complex 
dimension of the moduli of Sasaki-Einstein structures; the last column gives the link 
5 up to diffeomorphism. These deformations preserve the types of the singularities. 
Thus we have moduli of Ricci-flat Kiihler asymptotically conical manifolds. Since 
h'j,{Y) — 0, the Bctti numbers of Y are determined by the information in the table. 

6.4. Higher dimensional examples. The first example of Figure 16.21 easilv gen- 
eralizes to arbitrary dimensions. We consider the hypersurface = {xg -I- a;" -I- 
• • ■ + + = 0} C C"+^ with k >n. we see from ([75]) that the usual blow-up at 
o € Xk is crepant. Then BqX^ has one singularity isomorphic to Proceeding 
inductively, we get a smooth crepant resolution if A; = or 1 mod n, since the 
surface Xk for A: = and 1 is smooth. 



X 


5 S-E 


k mod n 


c{X) 


x^ + x'l + --- + xl_^ + x^; - 


k > n(n — 1), k = n 





L-J 


1 


L-J 



Figure 4. Examples in higher dimensions 



We list some of the properties of the resolved spaces Yk in Figure 16.41 The 
second column gives the range of k for which the Sasaki link S is known to admit a 



30 



CRAIG VAN COEVERING 



Sasaki-Einstein metric from the numerical criteria in [T^. Recah that S" is (n — 2)- 
connected, so the only non-trivial homology is in dimensions n — I and n. The 
non-trivial Betti numbers are given via a formula in 46J. For k = mod n we 
have 

(77) 6„,i(5)^(-i)"+^ (^+ ^^~"r'~ ^^ 

For k — 1 mod n, S" is a rational homology sphere and the order of its homology 
is given by Theorem 3 of 0. 

(78) |i7„_i(5)| ^fc""-, where6„_2 = (-l)" (^1 + -^^"''^""^ 
Here 5„_2 is the Betti number of link of the Calabi-Yau hypersurface F = {xq + 

=o}cCP"-i. 

The exceptional divisors of the resolution tt : Yfc — > Xk are ruled varieties Ej — 
F{Of{1) © O^f), j = 1, . . . , c{X) - 1, besides the last which for fc = mod n is the 

Fano hypersurface Ec = {xq + + h a;"_i -I- = 0} C CP" and for A: = 1 

mod n is the cone over F, E^ = {x^^ + x^; + ■ ■ ■ + x'^_^ = 0} C CP". The Euler 
characteristic of Yfc can be easily computed 

U((l-n)"-l) + cn-(l-n)" + l if fc = mod n, 
^ ' ^' ((l-n)"-l) + cn+l iffc==l modn, 

where c = c{X). 
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